
Wewant to see how the spectrum evolves in time. A fundamental characteristic of turbulence is mixing, which leads to the spread
of this narrow band of energy in wavenumber space. In other words, due to strong nonlinear interactions in turbulence, the energy is
naturally transferred to other scales. We can quantify the spreading out of the energy distribution with

W¼
Z

ðk# kiÞ2EðkÞdk; (15)

which can be expanded to

W¼
Z

k2EðkÞdk# 2ki

Z
kEðkÞdkþ k2i

Z
EðkÞdk: (16)

/W ¼ Ztot # k2i Etot ; (16)

where we used (4), (10) and (14) to arrive at the final expression. Since the total energy and enstrophy are conserved in 2D
turbulence, dEtot=dt ¼ dZtot=dt ¼ 0. Then, differentiating (16) with respect to time gives

dk2i
dt

¼ # 1
Etot

dW
dt

(17)

The spreading of the initial narrow energy band implies dW=dt > 0, leading to dk2i =dt < 0. Thus, ki decreases over time, indi-
cating that the typical length scale of vortices increases, consistent with the numerical results shown in Fig. 1.

Now, let us return to the forced problem, equipped with the insight that energy in 2D turbulence is transferred to larger scales. If
the flow is forced at an intermediate scale kF , we expect energy to cascade upscale for k < kF , resulting in an energy spectrum
following (13). Conversely, enstrophy, which is also conserved in 2D flows, must cascades downscale for k > kF (as its flux cannot

Fig. 1 Evolution of a decaying turbulent 2D flow at initial time (A), intermediate time (B), end time of the simulation (C). The colours represent the
vorticity field.

(a)
(b)
(c)

Fig. 2 Energy spectra of the panels shown in Fig. 1.
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